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Abstract
Let G be a 2-connected graph with minimum degree at least 3. We prove that there exists an even circuit C in G with
factorization F = {F1; F2} such that G − E(F1) is 2-connected.
c© 2004 Elsevier B.V. All rights reserved.
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1. Denitions and notation
Terminology not de9ned can be found in [1] or [4]. All graphs will be 9nite and loopless, although multiple edges will
be allowed. A graph with no multiple edges will be referred to as a simple graph. For u∈V (G), let d(G; u) denote the
degree of u in G, let dmin(G) denote the minimum degree of a vertex in G, and let NG(u) denote the neighbourhood set
of u in G. A connected graph that does not contain a cut vertex is called 2-connected. A block of a graph G is a maximal
2-connected subgraph of G of order at least two. If B is a block of G then B is an end block of G if |V (B; G)|= 1. For
X ⊆ V (G), let G[X ] be the subgraph induced by X in G. Let the complement of a subgraph H in G be denoted HcG or
occasionally Hc. An H -component of G is a component of Hc. For H ⊆ G, let V (H;G) denote the set of vertices of
attachment of H in G. A subgraph J of G is an H -bridge of G if the following conditions are satis9ed:
(i) J is not a subgraph of H ;
(ii) V (J; G) ⊆ V (H);
(iii) no proper subgraph of J satis9es (i) and (ii).
The kernel of an H -bridge J in a graph G, denoted by ker(J ), is the subgraph J − V (J; G). If J does not have a kernel
then we shall say that J is degenerate, otherwise we shall say that J is non-degenerate. A degenerate bridge of a circuit
C in G is also called a chord of C. A k-bond is a graph on two vertices with k edges. Let w1 and w2 be a pair of
distinct vertices in a graph G. A {w1; w2}-bridge J in G, is called a 2-attached 2-bond pair if J is the union of a pair of
2-bonds, J1 and J2, such that V (J1) = {w1; b} and V (J2) = {w2; b}. Let G be a graph and let e= uv∈E(G). Let G=e be
the graph that results from contracting e in G, that is the graph that results after deleting e from G, identifying u and v
to a single vertex and then removing any loops that have formed. For S ⊆ E(G), let G=S be the graph that results from
contracting all of the edges of S in G. For H ⊆ G, let S(H) be the image of H in G=S. If Q is a path or a circuit then
Q is odd or even depending on whether |E(Q)| is odd or even, respectively.
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2. Results
Our preliminary result is on the deletion of the edges of a 1-factor of an even circuit in a connected graph with
minimum degree 3. Part (a) of Theorem 1 is proved in [3].
Theorem 1. Let G be a connected graph with dmin(G)¿ 3. Let U be a connected subgraph of G such that there exists
an even circuit in Uc. Then there exists an even circuit C in Uc such that the following two statements hold:
(a) G − E(C) is either connected or contains precisely two components and one of these is isomorphic to a 1-bond.
(b) C has a factorization F = {F1; F2} such that both G − E(F1) and G − E(F2) are connected.
Proof. Suppose that part (b) of the theorem is false. Let C be an even circuit in Uc that satis9es Theorem 1(a). Without
loss of generality, we may suppose that GF1 = G − E(F1) is disconnected. Then G − E(C) is also disconnected and one
component of G − E(C) is a chord of C in G. Let H1 and H2 be the two components of G − E(C) labelled such that
H1 ∼= K2 and V (H1) = {u1; v1}. Then there exists an edge of F1 and an edge of F2 incident to each vertex of H1, and
as no edge of F2 can be incident to both a vertex of H1 and a vertex of H2, there exists an f = u1v1 ∈E(F2). But now,
GF1 [V (H1)] is a 2-circuit that satis9es the theorem, a contradiction.
We shall prove Theorem 8 and Corollary 10.
Theorem 8. Let G be a 2-connected graph with dmin(G)¿ 3 and let e∈E(G). Then there exists an even circuit C in
G − e with factorization F = {F1; F2} such that G − E(F1) is 2-connected.
Corollary 10. Let G be a 2-connected graph with dmin(G)¿ 4. Suppose that there do not exist any multiple edge sets
M with at least three edges or any 2-attached 2-bond pairs in G. Then there exists an even circuit C in G such that
|E(C)|¿ 4 and C has a factorization F = {F1; F2} such that G − E(F1) is 2-connected.
We make use of the following results. Theorem 2 is Problem 3.2.3 of [1].
Theorem 2. Let G be a graph in which each component has order at least two. Then there does not exist an even
circuit in G if and only if each block B of G is such that B ∼= K2 or B ∼= C2m+1, for m¿ 1.
Theorem 3 can be deduced from results in [4, Theorems III.9, III.33 and IV.21].
Theorem 3. Let G be a graph and let {u; v} be a 2-vertex cut set in G. Let H be a non-degenerate {u; v}-bridge in G.
Then G is 2-connected if and only if both H + uv and Hc + uv are 2-connected.
The proof of the following lemma is left to the reader.
Lemma 4. Let G be a 2-connected graph and let U be a connected subgraph of G. Let B be a block of U . Let
x; y∈V (U ), x 	= y and let Q be an xy-path in G for which V (Q)∩V (U )= {x; y}. Suppose that x and y do not belong
to the same B-component of U then there exists a block B′ in U ∪ Q for which B ⊂ B′.
Lemma 5 can be deduced from results in [4, Theorems III.20 and III.1].
Lemma 5. Let U be a connected graph. Then the following two statements hold:
(1) Let B1 be an end block of U . Then there is precisely one B1-component in U .
(2) Let B be an arbitrary block of U . If J is a B-component in U then there is precisely one J -component in U .
The following two theorems can be found in [4, Theorems II.6 and III.32].
Theorem 6. The subgraphs of the contractions of G are the contractions of the subgraphs of G.
Theorem 7. Let e= uv be an edge of a 2-connected graph G. Then either G=e is 2-connected or G is the union of two
or more 2-connected graphs H1; H2; : : : ; Hk , each with at least two edges, such that the intersection of any two of them
is u; e; v.
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Theorem 8. Let G be a 2-connected graph with dmin(G)¿ 3 and let e∈E(G). Then there exists an even circuit C in
G − e with factorization F = {F1; F2} such that G − E(F1) is 2-connected.
Proof. Step 1: Suppose that the theorem is false and let G be a counter-example chosen such that |V (G)| is minimum.
By Theorem 1, we can choose an even circuit C in G − e, with factorization F = {F1; F2}, such that the following two
conditions hold:
(a) GC = G − E(C) is either connected or contains precisely two components and at least one of these is isomorphic to
a 1-bond, and the graph GF1 = G − E(F1) is connected.
(b) subject to condition (a), the block B of GF1 for which e∈E(B) is such that |E(B)| is maximum.
Let J1 be a B-component of GF1 and let V (B)∩V (J1)={w1}. Let B1 be an end block of GF1 in J1 and let V (B1; GF1 )=
{u1}. Let J1 and C be chosen such that subject to condition (b) in the choice of C, |V (J1)| is minimum. B1 is a 3-circuit
and each vertex of V (B1)\{u1} has degree 3 in G.
Step 2: Suppose that B1 is not an odd circuit. Put H =G[V (B1)]. Since dmin(GF1 )¿ 2 there exists an even circuit C
′ in
H . By Lemma 5, (B1)cGF1 is connected and thus, H
c
G is connected. By Theorem 1, putting U =H
c
G , C
′ can be chosen such
that condition (a) in the choice of circuit is satis9ed. Let F ′ be a factorization of C′, F ′= {F ′1; F ′2}. Let GF′1 =G−E(F
′
1)
and let B′ be the block of GF′1 that has e∈E(B
′). By condition (b) in the choice of C, as B ⊆ (B1)cGF1 ⊆ U , B
′ = B. Let
J ′1 be a B
′-component of GF′1 . Since J1 ⊆ (B
′)cG , if w1 	∈ V (C′) then d((B′)cGF′
1
; w1)¿d(J1 − E(F ′1); w1) = d(J1; w1)¿ 1,
and if w1 ∈V (C′) then d((B′)cG; w1)¿ 2 and therefore, d((B′)cGF′
1
; w1)¿ 1. Thus, d((B′)cGF′
1
; w1) 	= 0 and J ′1 can be chosen
such that w1 ∈V (J ′1). Suppose that there exists a vi ∈V (J ′1)\V (J1) and let P be a w1vi-path in J ′1 . Let vi and P be
chosen such that V (P)\{vi} ⊆ V (J1) (V (P) 	= ∅ since w1 ∈V (J1)). By Lemma 5, (J1)cGF1 is connected and therefore,
by Lemma 4, since w1 ∈V (B), there exists a block BP in (J1)cGF1 ∪ P, for which B ⊂ BP . But now, BP ⊆ B
′ and that
contradicts the fact that B′=B. Hence, V (J ′1) ⊆ V (J1). Since w1 is not a cut vertex in G, there exists an edge uv∈E(F1)
such that u∈V (J1)\{w1} and v 	∈ V (J1). Now u 	∈ V (J ′1) since otherwise, as C′ ⊆ J1, v∈V (J ′1). Thus V (J ′1) ⊂ V (J1),
a contradiction to the minimality of |V (J1)|. Hence, H is an odd circuit and because dmin(GF1 )¿ 2, B1 = H is an odd
circuit. Furthermore, d(G; ui) = 3 for each ui ∈V (B1)\{u1}.
Suppose that B1 is not a 3-circuit and let B1 = u1; e1; u2; e2; : : : ; u2p+1; e2p+1; u1, for p¿ 2. For each ui ∈V (B1)\{u1},
uivi ∈E(F1), for a vi ∈V (G)\V (B1), and thus, there exists precisely one edge of E(F2) in B1 incident to ui. Hence,
{e2; e4; : : : ; e2p} ⊆ E(F2) and GC includes the following components: G[{u3; u4}], G[{u5; u6}]; : : : ; G[{u2p−1; u2p}]. By
condition (a) in the choice of C, B1 ∼= C5 and GC contains just two components and one of these G[{u3; u4}] ∼= K2.
There exist two possible cases:
C = u2; e2; u3; C[u3; u4]; u4; e4; u5; C[u5; u2]; u2
and
C = u2; e2; u3; C[u3; u5]; u5; e4; u4; C[u4; u2]; u2:
Since w1 is not a cut vertex of G we can choose f = uv∈E(F1) such that u∈V (J1)\{w1} and v∈V (G)\V (J1).
Case 1: C = u2; e2; u3; C[u3; u4]; u4; e4; u5; C[u5; u2]; u2.
Suppose that we can choose f∈E(C[u3; u4]). Let C1 =u2; e2; u3; e3; u4; e4; u5; C[u5; u2]; u2 and put G1 =G−E(C1). Then
C1 is an even circuit in G and G1 is connected, since E(C1) ⊆ E(C) ∪ {e3} and u3v3; u4v4 	∈ E(C1). Hence, C1 satis9es
condition (a) in the choice of circuit. Let F ′ = {F ′1; F ′2} be a factorization of C1 chosen such that E(F ′1) ⊂ E(F1)∪ {e3}.
Let GF′1 = G − E(F
′
1). Suppose that f 	= u3v3 and f 	= u4v4. By Lemma 5, (B1)cGF1 is connected and thus, by Lemma 4,
there exists a block Bf in (B1)cGF1 + f such that B ⊂ Bf. Clearly, there exists a block B
′ in GF′1 such that B ⊂ Bf ⊆ B
′.
Therefore, C1 contradicts the choice of C by condition (b). Therefore, f=u3v3 or f=u4v4; put P=u1; e1; u2; e2; u3; f; v3 or
P=u1; e5; u5; e4; u4; f; v4, respectively. Then P and (B1)cGF1 satisfy the requirements of Lemma 4, and because e1; e2; e4; e5 	∈
E(F ′1), a contradiction results as before.
Hence, f∈E(C[u2; u5]). Let C2 = u3; C[u3; u4]; u4; e3; u3 and put G2 =G− E(C2). Then C2 is an even circuit in G and
G2 is connected, since E(C2) ⊆ E(C)∪{e3} and e2,e4 	∈ E(C2). Hence, C2 satis9es condition (a) in the choice of circuit.
Let F ′={F ′1; F ′2} be a factorization of C2 chosen such that F ′1 ⊆ F1. Put GF′1 =G−E(F
′
1). Suppose that f is not incident
to either u2 or u5. By Lemma 5, (B1)cGF1 is connected and thus, by Lemma 4, there exists a block Bf of (B1)
c
GF1
+ f
such that B ⊂ Bf. Clearly, there exists a block B′ in GF′1 such that B ⊂ Bf ⊆ B
′. Therefore, C2 contradicts the choice of
C by condition (b). Hence, either f = u2v2 or f = u5v5; put P = u1; e1; u2; f; v2 or P = u1; e5; u5; f; v5, respectively. Then
P and (B1)cGF1 satisfy the conditions of Lemma 4, and because e1,e5 	∈ E(F
′
1), a contradiction results as before.
Case 2: C = u2; e2; u3; C[u3; u5]; u5; e4; u4C[u4; u2]; u2.
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Fig. 1.
Proof is similar to Case 1.
By Claim 2, B1 is a 3-circuit. Let V (B1) = {u1; u2; u3}. Then d(G; u2) = d(G; u3) = 3. If G − e is not simple then any
2-circuit in G − e satis9es the theorem. Hence G − e is simple.
Suppose that G is not 3-connected and let X = {x1; x2} be a 2-vertex cutset in G. Let H1 be a non-degenerate X -bridge
in G. Let X and H1 be chosen such that e 	∈ E(H1) and subject to which, such that |E(H1)| is minimum. Let e1 = x1x2
and put G1 = H1 + e1. By Theorem 3, both G1 and Hc1 + e1 are 2-connected. Suppose that d(G1; xi) = 2 for i = 1 or
i = 2, then d(H1; xi) = 1. Let NH1 (xi) = {yi}. Then, as G − e is simple, H1 − xi contains a non-degenerate bridge of
X ′ = (X \{xi})∪ {yi}, a contradiction to the minimality of |V (H1)|. Thus, dmin(G1)¿ 3 and therefore, by the minimality
of |V (G)|, there exists an even circuit C1 in G1 − e1 that factorizes into two 1-factors F1 and F2 such that G1 − E(F1)
is 2-connected. By Theorem 3, G − E(F1) is 2-connected, and C1 in G satis9es the theorem, a contradiction. Hence, G
is 3-connected.
Let S = E(H) = {a; b; c}, where a = u2u3, b = u1u2 and c = u1u3. Put G1 = G=a and let va be the vertex of G1 that
results when u2 and u3 are identi9ed. Suppose that G1 is not 2-connected. Then, by Theorem 7, G is the union of two
or more 2-connected graphs H1; H2; : : : ; Hk , each with at least two edges, such that the intersection of any two of them
is u2; a; u3, a contradiction. Hence G1 (and G1 − c) is 2-connected. Now, put G′ = G1={b; c}. Let vb be the vertex of G′
that is the result of identifying va and u1. Suppose that G′ is not 2-connected. Then, by Theorem 7, G1 − c is the union
of two or more 2-connected graphs H ′1 ; H
′
2 ; : : : ; H
′
k′ , each with at least two edges, such that the intersection of any two
of them is va; b; u1. However, it now follows that {u1; u2} is a 2-vertex cut set in G, a contradiction. Hence G′ = G=S is
2-connected. Let z′ = S(H).
By the minimality of |V (G)|, there exists an even circuit C′ in G′ − S(e) with factorization F ′ = {F ′1; F ′2} such that
G′ − E(F ′1) is 2-connected. Suppose that z′ ∈V (C′). Let P′ = C′ − z′ and let P be the path in G chosen such that
S(P) = P′. For i=1; 2, let e′i = x
′
i z
′ ∈E(C′) and let ei = xizi ∈E(G), zi ∈V (H) (z1 and z2 not necessarily distinct), such
that S(ei) = e′i . Let Q be the even or zero length z1z2-path in H . Then C
∗ = x1; P[x1; x2]; x2; e2; z2; Q[z2; z1]; z1; e1; x1 is an
even circuit in G. If z′ 	∈ V (C′) then let C∗ be the even circuit in G for which S(C∗) = C′. In both cases let C∗ have
a factorization F∗ = {F∗1 ; F∗2 } such that S(F∗1 ) = F ′1. Suppose that G − E(F∗1 ) is not 2-connected and that there exists a
cut vertex x∈V (G−E(F∗1 )). Let J ′ be an x-bridge in G−E(F∗1 ). Then V (H) 	= V (J ′), because |V (H;G−E(F∗1 ))|¿ 2.
Therefore, by Theorem 6, J ′=(E(H) ∩ E(J ′)) is a S(x)-bridge in G′ − E(F ′1). Since this is true for all x-bridges J ′,
S(x) is a cut vertex in G′ − E(F ′1), a contradiction. Therefore, G − E(F∗1 ) is 2-connected, a contradiction.
In [2] we prove Theorem 9. Theorem 9 implies Theorem 8 and the proof is similar, but longer.
Theorem 9. Let G be a 2-connected graph with dmin(G)¿ 3 and let e∈E(G). Then there exists an even circuit C in
G − e that factorizes into two 1-factors F1 and F2 such that both G − E(F1) and G − E(F2) are 2-connected.
The graphs of Fig. 1 do not contain any even circuits with length at least 4 that satisfy Theorem 8. Corollary 10 gives
suJcient conditions for such a graph to exist.
Corollary 10. Let G be a 2-connected graph with dmin(G)¿ 4. Suppose that there do not exist any multiple edge sets
M with at least three edges, or any 2-attached 2-bond pairs in G. Then there exists an even circuit C in G such that
|E(C)|¿ 4 and C has a factorization F = {F1; F2} such that G − E(F1) is 2-connected.
Proof. Clearly, |V (G)|¿ 4. Let G′ be the graph that results from replacing each multiple edge set of G with a single
edge. Since G does not contain any 2-attached 2-bond pairs or any r-bonds for r¿ 3, dmin(G′)¿ 3. Suppose that G′ is
not 2-connected and that there exists a cut vertex u∈V (G′). Let H ′ be a component of G′ − u. Since NG(v) = NG′(v)
for each v∈V (H ′), H = G[V (H ′)] is a component of G − u. This is true for each component of G′ − u and therefore
P. Sinclair / Discrete Mathematics 286 (2004) 171–175 175
u is a cut vertex in G, a contradiction. Thus, G′ is 2-connected and therefore, by Theorem 8, there exists an even circuit C′
in G′ with a factorization F ′={F ′1; F ′2} such that G′−E(F ′1) is 2-connected. Let C be a circuit in G with V (C)=V (C′).
Then C satis9es the theorem, as required.
Let G be a 2-connected graph with dmin(G)¿ 3. When does there exist an even circuit with length at least four with
factorization F = {F1; F2} such that one (or both) of G − E(F1) and G − E(F2) are 2-connected?
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